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Abstract
This study presents an investigation on the flow of two non-Newtonian fluids. These materials can be found in industrial environment, 
such as pharmaceutical and food industries, and also in wastewater treatment. In industrial environment, these fluids are usually 
driven by pumps between two workstations in the system, which represents a significant proportion of the costs. In order to operate 
the system cost-efficiency and environment friendly accurate sizing is necessary, which requires data on the hydraulic resistance 
of the elements. In the case of Newtonian fluids, these parameters are well-known. However, the non-Newtonian fluids have a 
considerably narrower literature, so laboratory and numerical tests are desirable. In our work, the hydraulic losses of two real non-
Newtonian fluids were studied which can be described with the power law rheological model. These studies included laboratory 
measurements and numerical simulations (Computational Fluid Dynamics, CFD), respectively. We investigated the friction factor 
of a straight pipe and loss coefficient of an elbow (R/D=2). The calculations were validated with our laboratory measurements 
and compared with the literature. Furthermore, the flow pattern in the pipe bend was also examined. The study presents the 
applicability and importance of the modification of the Reynolds number. Furthermore, the velocity profiles and the secondary flow 
structure in the elbow are also presented.
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1 Introduction
Nowadays, in the field of engineering, there is an increasingly 
significant role of environmental consciousness to minimize 
the consumed energy [1–4]. This mentality is also particu-
larly important in wastewater treatment. In 2006, at least 3 % 
of annual electrical energy in the USA was spent on water 
and wastewater treatment [5], a value expected to increase as 
the population grows and environmental demands become 
more stringent. In wastewater treatment plants, a signifi-
cant part of energy is consumed by the pumps. In general, 
the power consumption of the pumps can be reduced in two 
ways. By developing pumps with 3-4 % efficiency improve-
ment, energy consumption could be reduced by approx. 
20 % [6]. Another possibility is the efficiency improvement 
of the existing systems [7], which has the advantage of not 
requiting to renew the pumps. Understanding the hydrody-
namic behavior of wastewater is a priority for proper opera-
tion and design of such machines, processes, and thus to the 
most economical operation. 
Wastewater is generally a non-Newtonian fluid, whose 
flow, pumping and piping operations, further behavior in 
sedimentation and mixing processes are different from 
Newtonian fluids. A large volume of published studies 
is available for hydraulic losses in the case of Newtonian 
fluids [8–12]. Various studies describing the flow of 
non-Newtonian substances in engineering applications, 
such as liquid egg [13], fruit juice [14], vehicle damper [15] 
and dense slurry from power plants [16, 17], etc. 
Hydraulic losses and pressure drops were investigated 
in the case of power-law fluids experimentally in several 
studies. Cabral et al. [18] investigated fittings with food 
liquids; Liu and Duan [19] examined experimentally 
coal-water slurry in bend and sudden contraction. Different 
fittings were investigated by Etemad et al. [20] and 
Leal et al. [21]. Non-Newtonian flow was experimentally 
tested in pipes by Pinho and Whitelaw [22] and in small 
pipe elements by Bandyopadhyay and Kumar Das [23]. 
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Verba et al. investigated flow in a square cross section 
pipe [24].
The existing literature of numerical investigations of 
pipe elements by Computational Fluid Dynamics (CFD) 
methods is not extensive. Khandelwal et al. [25] char-
acterized power-law fluid’s flow in T-channel in lami-
nar conditions. Friction losses of abrupt contraction for 
power-law materials were calculated by Kfuri et al. [26]. 
Several studies numerically examined flows of power law 
fluids in a bend [27, 28].
Flow characterization of Newtonian [29] and viscoelas-
tic fluids [30] around square cylinder were examined, both 
numerically and experimentally. The researchers analyzed 
the effect of the Reynolds number as well.
Remarkably few studies are focusing on comparing the 
hydraulic losses determined by experimental and numeri-
cal methods, when the rheological properties are non-New-
tonian. However, for correct sizing of the hydraulic sys-
tems, validated friction losses and the loss coefficients of 
the components have to be known.
The main aim of this study was to investigate experimen-
tally and numerically a typical pipe fitting, a 90° bend with 
two different power-law fluids. This paper compares the 
measured and simulated pressure drops and flow patterns.
The friction factor of a straight pipe section was used 
to validate our CFD code. The measured and calculated 
loss coefficients of the elbow were compared not only with 
each other but also against analytical values and those 
from the literature as well. With the help of the results 
of the numerical models, we investigate in depth the flow 
field inside the elbow. 
Due to the curvature of the pipe element, centrifugal 
forces lead to the appearance of secondary flows, so called 
Dean vortices [31]. Some recent studies numerically inves-
tigated the flow field in case of laminar [32] and turbulent 
flows [33, 34].
The modified Reynolds number is employed to general-
ize the classic interpretation in case of non-Newtonian flu-
ids, that is the same flow pattern appears at the same mod-
ified Reynolds number supposedly. This statement was 
tested for two flow conditions from the turbulent range. 
2 Materials and methods
2.1 Rheological models
In the case of Newtonian fluids, the relationship between the 
shear stress (τ) and shear rate ( γ ) can be described as [35].
τ ηγ= ,  (1)
where η is the dynamic viscosity of the fluid. In the case of 
non-Newtonian, power-law fluids, the rheological behav-
ior can be defined [24, 36] with
τ µ γ= PL
n
 ,  (2)
where µPL is the flow consistency, n the flow behavior 
index. This model was found to be adequate to capture the 
rheology of the test fluids.
2.2 Rheological measurements
Two different fluids were produced for the examina-
tions, Test fluid I and II in the paper. The fluids contained 
Carbopol 971, NaOH and water. The NaOH was added to 
set the pH-value to approximately 7. Table 1 shows the 
exact compositions of the two test fluids.
For determining the rheological parameters of both 
fluids an Anton PAAR Physica MCR 301 rotational rhe-
ometer was used. The investigated shear rate range was 
10-1000 1/s, so laminar shear flow conditions occurred 
during the measurements. 
The results of the rheological measurements can be 
seen in Fig. 1 with a 5 % estimated error bar. The pow-
er-law rheology model was chosen to fit to the measured 
points. The actual values of the curve fit and the coeffi-
cients of determination (R2) of the fits can be seen in Table 2. 
It is important to note that one order of magnitude differ-
ence was between the flow consistency indices of the fluids. 
Both of the solutions were found to be pseudoplastic fluid.
2.3 Dimensionless parameters
The Darcy friction factor ( f ) was calculated from the 
pressure drop in a chosen straight pipe section before the 
fitting, where the flow was already developed:
f pL
D
v
=
∆
ρ
2
2
,  (3)
Table 2 Material properties of the two fluids and the coefficients of 
determination of the fits
Test fluid I Test fluid II
n [-] 0.9416 0.8789
µPL [] 0.0044 0.0195
R2 [-] 0.9909 0.9993
Table 1 The components of the investigated fluids
Test fluid I Test fluid II
Carbopol 971 [m/m %] 0.0954 0.1830
NaΟΗ [m/m%] 0.0366 0.0705
water [m/m%] 99.8680 99.7465
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in which Δp is the total pressure drop in the pipe section, 
ρ is the fluid density (which was approximated with the 
water density), L is the length of the section, D is the diam-
eter of the pipe and v  is the average velocity. 
The loss coefficient (ξ) was defined as the non-dimen-
sional difference in total pressure caused by the fitting:
ξ
ρ
=
∆p
v
e
2
2
,
 
(4)
in which Δpe is the total pressure drop caused by the ele-
ment. It was calculated between the beginning of the fit-
ting and a plane after the elbow in 9D distance. The loss 
caused by the wall friction was subtracted from it but the 
forward disturbance of the fitting was taken into consid-
eration. It was verified by the authors that beyond 9D the 
forward impact of the elbow is negligible because there 
the Δpe changes less than 5 % [28]. 
Theoretically, the Reynolds number is the ratio of 
inertial forces to viscous forces; for Newtonian fluids it 
is given as Re = vDρ/μ. For laminar and fully developed 
flow, the Darcy friction factor ( fD = 64/Re) is defined, 
which is generally given for fluids independent of their 
viscosity characteristic [37]. For pipe flow Metzner and 
Reed [38] introduced a modified Reynolds number valid 
for power-law fluids, as
Re .
mod
=
+





−
−
v D
n
n
n n
n
PL
n
2
1
8
3 1
4
ρ
µ
 (5)
With this modification, the friction factor is 
f = 64 / Re
mod
 for laminar flow conditions, see e.g. [28, 
37, 39]. This evaluation is useful to compare the results of 
different power-law fluids with the literature.
In the turbulent zone the Blasius equation for hydrau-
lically smooth pipe f = −0 316 0 25. Re
mod
.  could be used as an 
approximation for the friction factor [40].
3 Experiments
Fig. 2 presents the sketch of the measuring device. The 
WILO Helix EXCEL 1602-1/16/E/KS variable speed cen-
trifugal pump (“P”) delivered the fluid. The flow rate was 
set by varying the revolution number of the pump. For 
more sensitive control, a gate valve (“GV”) was used on 
the discharge-side pipe. The diameter of the pipes (made 
of steel) was constant DN 40 for the whole system. The 
investigated 90° bend (marked with red in Fig. 2) had the 
radius of curvature of R = 80 mm.
The suction pipe of the pump was connected to an open 
tank (“T”). The “H” fluid level in the tank was kept con-
stant at each measurement so that any evaporation did 
not affect the experimental results. It has been assumed, 
that this was sufficient to preserve the rheological proper-
ties of the fluid between the measurements. The possible 
time-varying material structure was not taken into con-
sideration. The experiments were carried out at constant 
ambient temperature and air pressure. 
An additional butterfly valve (“BV”) was built in to 
ease the aeration of the manometers (“M
1-A
” and “M
1-B
”). 
The volume flow rate (Q) was measured with an ori-
fice meter (“OM”), which was connected to the “M
OM
” 
manometer. This device was calibrated with the non-New-
tonian fluid before the measurements. Upstream the ori-
fice, a straight pipe section of 25D ensured the uniformity 
of the streamlines. At the downstream side of the orifice 
meter, 10D long pipe was found to be sufficient to elimi-
nate the disturbances.
Our experiments were divided into two sections: 
marked with “A” and “B” assembly.
3.1 Assembly A
The goal of the “A” experiment was to determine the fric-
tion factor of the pipe. The mean velocity was calculated 
from the measured volume flow rate (Q)
v Q
D
=
4
2pi
.
 
(6)
The friction factor was calculated with Eq. (3) from 
the measured pressure drop between the static pressure 
tap points P
1
 and P
2
 with the known L
1
 length, D diameter 
and the mean velocity . In these experiments the “M
1-A
” 
manometer was used to measure the pressure drop (Δp).
Fig. 1 Measured and fit rheograms of the test fluids. 
black dashed line: Test fluid I; blue dotted line: Test fluid II; green solid 
line: water (as reference)
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The P
2
 point was more than 10D distance at down-
stream side of the elbow, so we could assume persistent 
flow conditions in the measuring region. 
3.2 Assembly B
The loss coefficient (ξ) of the elbow with an R/D = 2 rela-
tive radius of curvature was determined by the “B” exper-
iment. The pressure drop (Δp) was measured by the “M
1-B
” 
manometer between the P
2
 and P
3
 points. The pressure loss 
caused by the wall friction in this pipe-section (character-
ized with a reference length Lref = 11.25D) was subtracted 
from this value to get the Δpe pressure loss on the elbow 
∆ ∆p p f
L
D
ve e
ref= −
ρ
2
2
,
 (7)
where fe was the friction factor. For estimation of fe in 
laminar region the Darcy equation; in turbulent zone the 
Blasius equation was used. The Δpe and the mean velocity 
were used in Eq. (4) to specify the measured loss coeffi-
cient [41]. 
3.3 Experimental procedure
Before the experiments, aerations of the manometers were 
completed and the fluid level of the tank was adjusted to the 
prescribed value.
The same Reynolds numbers were set for both measure-
ment series to obtain comparable results. To achieve this, 
we took care of the accuracy of the adjustment of the vol-
ume flow rate. 
The measurements were started at the lowest possible 
speed of rotation (nrpm = 1000 rpm) with almost completely 
closed gate valve. After that the gate valve was opened in 
6-8 steps at the same constant speed. The additional points 
were adjusted by increasing the speed of revolution in 
300 rpm steps. This resulted further 8 measuring points in 
the high Reynolds number region.
During a measuring sequence, in every operation 
point the levels of M
OM
 and the M
1-A 
or M
1-B 
manometers 
were recorded. The accuracy of the readings was ±1mm. 
The whole procedure was repeated with the other fluid as well. 
At each measurement point we made an error estimation.
4 Numerical model and simulation setup
The geometry for the CFD simulations was built in 
Autodesk Inventor Professional 2015 (Student version), and 
its dimensions were exactly the same as those of the mea-
suring device. The model consisted of a 5D long straight 
pipe before the elbow, the 90° pipe bend and another 10D 
long pipe section after the fitting. The schematic illustra-
tion of the model can be seen in Fig. 3.
The meshing procedure and the simulations were car-
ried out in ANSYS CFX®. This software solves the con-
tinuity equation, the Reynolds-averaged Navier-Stokes 
equation (RANS), and the turbulent transport equations 
(see [29, 41, 42]). Furthermore, the material model describ-
ing the rheology gives the relationship between the defor-
mation and tension tensors. We used the built-in k-ω SST 
turbulence model. A detailed description of the program 
package can be found in [42]. 
At the upstream boundary uniform velocity profile was 
prescribed; at downstream average static pressure was 
imposed as boundary condition. Hydraulically smooth 
friction wall was defined. Three dimensional structured 
mesh geometry containing O-grid type elements was 
used, which consisted of ~160k elements, the maximum 
and minimum sizes were 6 and 0.25 mm. A numerically 
finer mesh was applied near the wall for better resolution 
of the boundary layer.
The grid-independence study, which tested three 
numerical resolutions containing approximately 80k, 160k 
and 320k elements, proved the mesh to be sufficient for our 
task. The difference of the results from the first and third 
above mentioned model are 1.7 % and 0.4 %, respectively. 
Steady state simulations were performed. We used the 
automatic time-step manager and the convergence criteria 
of (RMS) for the calculations. 
Fig. 2 Sketch of the measuring device 
red: 90°pipe bend; P: pump; OM: orifice meter; GV: gate valve; BV: 
butterfly valve; M
0M
, M
1-A 
and M
1-B
: U tube manometers; P
1
, P
2
, P
3
: 
pressure measuring places; T: feeding tank.
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Additional planes for processing the numerical results 
were defined at φ = {0°; 22.5°; 45°; 67.5°; 90°} and in the 
distance of 1D after the bend to visualize the flow patterns 
(see Fig. 3).
5 Results
5.1 Friction factor
The friction factor of the pipe was used to validate our 
numerical results. The measured and calculated friction 
factor of the pipe can be depicted as the function of the 
modified Reynolds number, see in Figs. 4. and 5.
The analytical friction factors with the known Darcy 
and Blasius equations were also calculated for the laminar 
and turbulent regions to compare our results with them. 
We obtained numerical and analytical results in the whole 
investigated modified Reynolds number region (Re
mod
 = 
100 – 100 000), but the measurements were carried out 
only in the transition and turbulent zones. The error of 
the experiments was also estimated and shown on the dia-
grams in Figs. 4. and 5. The possible error of the modified 
Reynolds number was not to taken into account because its 
relative value was negligible in the turbulent region, where 
the majority of our points are located.
In case of Test fluid I the relative error of the friction 
factor calculated from the measured pressure drop was 
below 10 % in the turbulent zone. The highest relative 
error (37 %) was detected at the lowest measured velocity. 
The measured and the numerical friction factors showed 
a good correlation. Slightly higher difference between 
our and the analytical friction factors was detected in the 
region of Re
mod
 = 1500 – 5000. This can be explained by 
the fact that the transition region may have shifted in the 
case of this material properties into this region. 
We compared the measured and analytical factors as 
well. The highest difference was 25 % at Re
mod
 = 1 549 
between the measured and Darcy friction values in the 
transition zone. At the beginning of the turbulent region 
a remarkable 15 % difference was between the measured 
and those calculated with the Blasius equation. Apart from 
this we found a very good consistency.
At higher Reynolds number (Re
mod
 > 10 000) the dif-
ference between the numerical and measured results was 
within the experimental error band, and it was below 5 % 
between the analytical and the numerical ones. 
The friction factors were also calculated in the 
case of more viscous fluid, Test fluid II, see in Fig. 
5. Measurements were performed in the modified 
Reynolds number range of Re
mod
 = 700 – 20 000. The 
highest value of the relative error of the measured 
friction factors was estimated to be 51 % at Re
mod
 = 
722; apart from this the relative error was below 8 %. 
Fig. 3 Sketch of the CFD geometry. Additional planes for processing 
the numerical results were defined at φ = {0°; 22.5°; 45°; 67.5°; 90°} 
angles and in the distance of 1D after the bend.
Fig. 4 Experimental (red cross), numerical (blue plus sign) and 
analytical Darcy (black line) and Blasius (green line) friction factor 
plotted against the modified Reynolds number in case of Test fluid I
Fig. 5 Experimental (red cross), numerical (blue plus sign) and 
analytical Darcy (black line) and Blasius (green line) friction factor 
against the modified Reynolds number in case of Test fluid II
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The high relative errors at the lowest measured points in 
Figs. 4 and 5 can be clarified, because in those points the 
exact value of the manometer readings and the absolute 
error were comparable. To eliminate these inaccuracies 
in the future, a more accurate pressure gauge would be 
needed in the range of low pressure differences.
In the laminar region the numerical, analytical and 
experimental values showed a good agreement.
In the transition and turbulent zones, the measured 
and calculated friction factors agreed as well. At higher 
than Re
mod 
≈10 000 these results were fit to the analyti-
cal Blasius equation. The maximum discrepancy between 
the measured and calculated factors was 18 %, which was 
detected in the transition zone.
These results suggest, that our CFD method gave appli-
cable and accurate results.
5.2 Loss coefficients
Fig. 6 shows the loss coefficient of the 90° bend as the 
function of the modified Reynolds number. CFD calcula-
tions were performed in a wide Reynolds number range; in 
contrast, the measured range was limited. With Test fluid I 
we were able to measure satisfying results only in the tur-
bulent zone; while with Test fluid II measurements in the 
transition zone were feasible with our equipment.
Besides our measured and numerical coefficients, we 
also depicted the experimental results of Miller [12], 
who investigated experimentally an elbow with the same 
geometry in a wide range of the Reynolds number using 
water. Our measured and calculated coefficients were in 
almost the whole region above those from Miller’s work 
by a max. factor of 2.
In the turbulent region, which is interesting in indus-
trial applications, our experimental and numerical results 
agreed very well. This confirms the usefulness of the 
modified Reynolds number again. 
5.3 Velocity profiles
From an industrial point of view, the pressure drop of a 
fitting at a given volume flow rate is the most important 
data. The pressure drop- mean velocity function shows, 
that in case of Test fluid II higher pressure losses on the 
elbow appeared in the whole Re
mod
 region, see in Fig. 7. 
The diagram in Fig. 7 presents also the results of the water 
as reference.
Conveying different fluids can cause significantly differ-
ent flow conditions. Based on the literature, the modifica-
tion of the Reynolds number eliminated these differences; 
the same flow pattern was created at the same modified 
Reynolds numbers. To ensure this statement the flow pat-
tern at the value of Re
mod ≈ 20 500 and at the mean veloc-
ity of v ≈ 1m/s were investigated with both of the fluids. 
The exact conditions of the two analyzed flow circumstances 
are given in Table 3; all four examples were from the turbu-
lent region. (The loss coefficients values for these flows are 
marked with yellow and green boxes in Fig. 6.) The normal-
ized axial velocity profiles along the elbow in the symmetry 
plane at the defined places can be seen in Fig. 8.
The upper diagram in Fig. 8 shows that the velocity pat-
tern at Re
mod ≈ 20 500 was similar for the two fluids: the aver-
age relative difference between the two normalized profiles 
was below 1 %. In contrast, at mean velocity of v = 1 m/s 
significant differences between the velocity profiles were 
observed. The average relative difference was 10 %; the 
highest was 65 % between the normalized velocity values.
In the final part of the survey the velocity magnitude 
in the bend was investigated, see Fig. 9. Even though the 
magnitude of the velocity was more than 2.5 times higher 
Fig. 7 Experimental and numerical (CFD) pressure drop of the elbow 
as the function of the mean velocity for Test fluid I, II and water (as 
reference)
Fig. 6 Experimental and numerical (CFD) loss coefficient of the elbow 
plotted against the modified Reynolds number for Test fluid I and II
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for Test fluid II at Re
mod ≈ 20 500, there was no qualita-
tive difference between the two flows in the symmetry 
plane. In contrast, at v =1 m/s there was a visible differ-
ence between the patterns.
We originated the Dean numbers from the modified 
Reynolds number De=Re
mod
(D/2R)0.5. At the investigated 
situations De numbers were higher than 2 000. It is known 
that fully turbulent flow forms after De > 400, so turbu-
lent flow were expected to occur in the bends. 
As in the case of the normalized velocity profiles, 
secondary contour plots showed the same results at 
Re
mod 
≈ 20 500. Although the mean velocity with Test fluid 
II was significantly higher than that with Test fluid I, the 
contour plots did not differ in the two states, see in Fig. 10. 
The focus points of the secondary vortices and the quality 
of the velocity pattern almost completely agreed.
Fig. 11 shows that neither the swirls formed nor the 
velocity pattern matched in the two cases of mean veloc-
ity v = 1 m/s. 
6 Conclusions
The main purpose of the current study was to compare the 
measured and calculated losses of a 90° pipe bend in case 
of two power-law fluids with significantly different rheol-
ogy. The second aim was to investigate the flow pattern 
in the fitting and to test the generalization of the modified 
Reynolds number.
Table 3 The conditions of the investigated flows
Test fluid I Test fluid II
1.
Re
mod 
[-] 20 517 20 544
v [m/s] 1.633 4.531
ξ [-] 0.326 0.290
2.
Re
mod 
[-] 12 947 4 019
v [m/s] 1.057 1.057
ξ [-] 0.390 0.446
Fig. 8 Normalized axial velocity profiles along the elbow in the 
symmetry plane at Re
mod
= 20 500 (top) and at v = 1 m/s (bottom) mean 
velocity for both fluids.
black: Test fluid I; blue dashed: Test fluid II
Fig. 9 Velocity magnitude in the symmetry plane of the elbow at 
Re
mod
= 20 500 (top) and at v = 1 m/s (bottom) mean velocity 
for Test fluid I (left) and Test fluid II (right)
Fig. 10 Secondary flow contour plots and velocity along the elbow at 
the surfaces defined in Fig. 3 at Re
mod = 20 500;
top: Test fluid I; bottom: Test fluid II
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The investigation of the friction factor in a straight 
pipe section suggested, that the CFD simulations and the 
applied turbulence model (k-ω SST) is perfectly suited for 
our tasks. The calculated friction factors showed reason-
able agreement with the experiments and analytical values. 
Based on the analysis of the velocity vectors and sec-
ondary flow structures, the modification of the Reynolds 
number is strongly recommended.
The third major finding was that the loss coefficient as the 
function of the modified Reynolds number were determined, 
and the results can be useful in the sizing of hydrodynamic 
systems, if the fluid has power-law rheological properties. 
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Nomenclature
  D inner diameter of the pipe and the bend [m] 
  De Dean number [-] 
  f friction factor [-] 
  fD Darcy friction factor [-] 
  fe estimated friction factor of the element [-] 
  L length of a pipe section [m] 
  Lref reference length of the elbow [m] 
  n flow behaviour index [-] 
  nrpm speed of rotation [rpm]  
  r radial coordinate [m] 
  R radius of the curvature [m] 
  R2  coefficients of determination [-] 
  Re Reynolds number [-] 
  Re
mod
 modified Reynolds number [-] 
  Q volume flow rate [m3/s] 
  v  , v mean flow velocity [m/s] 
  γ  shear rate [1/s] 
  Δp  total pressure drop in the pipe section [Pa] 
  Δpe total pressure drop caused by the element [Pa] 
  η dynamic viscosity [Pa s] 
  µPL flow consistency [Pa sn] 
  ρ fluid density [kg/m3] 
  τ shear stress [Pa] 
  ξ loss coefficient [-] 
  φ angular position of the defined planes [°]
Fig. 11 Secondary flow contour plots and velocity along the elbow at 
the surfaces defined in Fig. 3 at v = 1 m/s mean velocity;
top: Test fluid I; bottom: Test fluid II
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